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A COMPLEX SURFACE OF GENERAL TYPE WITH pg = 0,
K2 = 3 AND H1 = Z/2Z
HEESANG PARK, JONGIL PARK AND DONGSOO SHIN
This paper is an addendum to [4], in which the authors constructed a simply
connected minimal complex surface of general type with pg = 0 and K
2 = 3.
Motivated by Y. Lee and the second author’s recent construction on a surface of
general type with pg = 0, K
2 = 2 and H1 = Z/2Z [3], we extend the result to
the K2 = 3 case in this paper. That is, we construct a new non-simply connected
minimal surface of general type with pg = 0, K
2 = 3 and H1 = Z/2Z using a
rational blow-down surgery and a Q-Gorenstein smoothing theory.
The key ingredient of this paper is to find a right rational surface Z which makes
it possible to get such a complex surface. Once we have a right candidate Z for
K2 = 3, the remaining argument is similar to that of K2 = 3 case appeared in [4].
That is, by applying a rational blow-down surgery and a Q-Gorenstein smoothing
theory developed in [2] to Z, we obtain a minimal complex surface of general type
with pg = 0 and K
2 = 3. Then we show that the surface has H1 = Z/2Z by
using a similar method in [3]. Since almost all the proofs are parallel to the case of
the main construction in [4, §3], we only explain how to construct such a minimal
complex surface. The main result of this paper is the following
Theorem 1. There exists a minimal complex surface of general type with pg = 0,
K2 = 3 and H1 = Z/2Z.
Remark. Although some examples of non-simply connected complex surfaces of
general type with pg = 0 and K
2 = 3 have been constructed ([1], VII), until now
it is not known whether there is a complex surface of general type with pg = 0,
K2 = 3 and H1 = Z/2Z. Theorem 1 above provides the first example of such a
complex surface.
1. Main construction
We start with a special elliptic fibration Y := P2♯9P
2
which is used in the main
construction of this paper. Let L1, L2, L3 and A be lines in P
2 and let B be
a smooth conic in P2 intersecting as in Figure 1. We consider a pencil of cubics
{λ(L1 + L2 + L3) + µ(A + B) | [λ : µ] ∈ P
1} in P2 generated by two cubic curves
L1 +L2 +L3 and A+B, which has 5 base points, say, p, q, r, s and t. In order to
obtain an elliptic fibration over P1 from the pencil, we blow up three times at q and
twice at s and t, respectively, including infinitely near base-points at each point.
We perform two further blowing-ups at the base points p and r. By blowing-up
nine times, we resolve all base points (including infinitely near base-points) of the
pencil and we then get an elliptic fibration Y = P2♯9P
2
over P1 (Figure 2).
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Figure 1. A pencil of cubics
We denote by Ei (or E˜i), i = 1, . . . , 9, the exceptional divisors (or their proper
transforms in Y , respectively) induced by the nine blowing-ups. Note that there
are five sections of the elliptic fibration Y corresponding to the five base points p,
q, r, s, and t, which may be denoted by E5, E6, . . . , E9, respectively. Furthermore,
the elliptic fibration Y has an I7-singular fiber consisting of the proper transforms
L˜i of Li (i = 1, 2, 3), E˜1, E˜2, E˜3 and E˜4. Also Y has an I2-singular fiber consisting
of the proper transforms A˜ and B˜ of A and B, respectively. According to the list of
Persson [5], we may assume that Y has three more nodal singular fibers by choosing
generally Li’s, A and B. Among the three nodal singular fibers, we use only two
nodal singular fibers, say F1 and F2, for the main construction (Figure 2).
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Figure 2. An elliptic fibration Y
Next, by blowing-up several times on Y , we construct a rational surface Z which
contains special configurations of linear chains of P1’s. At first we blow up five
times at the marked point
⊙
on F2 ∩ E5. We also blow up two times at the
marked point
⊙
on F2 ∩ E7. Finally we blow up at the six marked points •
on each fiber. We then get a rational surface Z = Y ♯13P
2
. We denote by ei
(or e˜i), i = 1, . . . , 13, the exceptional divisors (or their proper transforms in Z,
respectively) induced by the 13 blow-ups and we also denote by F˜i (i = 1, 2) the
proper transforms of Fi. Then there exist two disjoint linear chains of P
1’s in Z:
C110,67 =
−2
◦ −
−3
◦ −
−5
◦ −
−7
◦ −
−2
◦ −
−2
◦ −
−3
◦ −
−2
◦ −
−2
◦ −
−3
◦ −
−3
◦ (which consists of e˜12,
E˜7, F˜1, E˜5, L˜3, E˜1, L˜1, E˜2, E˜3, E˜6, B˜) and C6,1 =
−8
◦ −
−2
◦ −
−2
◦ −
−2
◦ −
−2
◦ (which
consists of F˜2, e˜8, e˜7, e˜6, e˜5) (Figure 3).
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Figure 3. A rational surface Z = Y ♯13P
2
Next, by applying Q-Gorenstein smoothing theory as in [4], we construct the
minimal complex surface appeared in the main theorem. That is, we first contract
two disjoint chains C110,67 and C6,1 of P
1’s from Z so that it produces a normal
projective surface X with two permissible singular points. And then, by using a
similar technique in [4], we can conclude that X has a Q-Gorenstein smoothing
and a general fiber Xt of the Q-Gorenstein smoothing of X is a minimal complex
surface of general type with pg = 0 and K
2 = 3. Let us denote a general fiber of the
Q-Gorenstein smoothing of X by Xt. Finally it remains to show that H1(Xt;Z) =
Z/2Z.
Proof of H1(Xt;Z) = Z/2Z. Let Z110,6 be a rational blow-down 4-manifold ob-
tained from Z by replacing two disjoint configurations C110,67 and C6,1 with the
corresponding rational balls B110,67 and B6,1, respectively. Then, since a general
fiber Xt of a Q-Gorenstein smoothing of X is diffeomorphic to the rational blow-
down 4-manifold Z110,6, we have H1(Xt;Z) = H1(Z110,6;Z). Hence it suffices to
show that H1(Z110,6;Z) = Z/2Z.
Proposition 1. H1(Z110,6;Z) = Z/2Z.
Proof. First note that the rational surface Z = Y ♯13P
2
can be decomposed into
Z = Z0 ∪ {C110,67 ∪ C6,1} and the rational blow-down 4-manifold Z110,6 can be
decomposed into Z110,6 = Z0 ∪ {B110,67 ∪B6,1}.
Let W = Z0 ∪B110,67 and consider the following exact homology sequence for a
pair (W,∂W ):
· · · → H2(W,∂W ;Z)
∂∗−→ H1(∂W ;Z)
i∗−→ H1(W ;Z) → 0.
Note that ∂W = L(36,−5) and a generator of H1(∂W ;Z) = Z/36Z can be repre-
sented by a normal circle, say α, of a disk bundle C6,1 over (−8)-curve F˜2. Then
we have
∂∗([e9|W ]) = 2α ∈ H1(∂W ;Z) = Z/36Z.
Furthermore, by using a similar technique in Section 2 of [3], we can conclude that
the generator α ∈ H1(∂W ;Z) is not in the image of ∂∗. Hence it follows from the
exact sequence above that we have H1(W ;Z) = Z/2Z generated by an element
i∗(α
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Next, we consider the Mayer-Vietoris sequence for a triple (Z110,6;W,B6,1):
H2(Z110,6;Z)
∂∗−→ H1(L(36,−5);Z)
i∗⊕j∗
−−−−→ H1(W ;Z)⊕H1(B6,1;Z) → H1(Z110,6;Z)→ 0.
Since i∗⊕ j∗ : H1(L(36,−5);Z)→ H1(W ;Z)⊕H1(B6,1;Z) sends a generator, α, to
(a generator, a generator), we finally have H1(Z110,6;Z) = Z/2Z. 
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